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Abstract
Usually polyominoes are represented as subsets of the lattice Z2. In this paper we study a representation of polyominoes by
Gaussian integers. Polyomino {(x1, y1), (x2, y2), . . . , (xs , ys)} ⊂ Z2 is represented by the set
{(x1 + iy1), (x2 + iy2), . . . , (xs + iys)} ⊂ Z[i].
Then we consider functions of type f : P → G from the set P of all polyominoes to an abelian group G, given by
f (x, y) ≡ (x + iy)m (mod v), where v is prime in Z[i], 1 ≤ m < N (v) (N (v) is the norm of v). Using the arithmetic of
the ring Z[i] we find necessary and sufficient conditions for such a function to be a coloring map.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
Suppose we are given a set T of polyominoes. We want to find out which finite regions can be tiled by the set T and
which cannot. There exists a number of methods for proving that a given region is untileable. One of them is coloring.
Coloring is a map, where unit squares of the lattice Z2 are colored in different ‘colors’. These can be usual colors (such
as black, white, etc.) or elements of an abelian group. A simple example of coloring by usual colors is checkerboard
coloring. We are interested in finding those colorings which are invariants for the set T , because then these colorings
can be applied to prove untileability. An invariant is a special map f : P → G from the set P of all polyominoes to
an abelian group G, satisfying some additional conditions (see the definition of C-invariant in Section 2). In general,
there exist several kinds of invariants that are known to be stronger than coloring, i.e., they give results that cannot be
proved by using coloring alone. The reader can find some examples in papers [1,4,5] (boundary invariants), and [3]
(local moves).
Although coloring is the simplest kind of invariant, it is not an easy problem to find all possible colorings for
a given set of polyominoes. In Section 2 we introduce the notions of C-coloring and D-coloring. C-coloring is a
coloring, where the sum of ‘colors’ in every polyomino from T is constant under translation and rotation, whereas
D-coloring is a coloring, where the sum of ‘colors’ is constant under translation, rotation and also reflection. From
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Fig. 2.1.
this definition it follows that C- and D-colorings are invariants for the set T . In Section 3 we represent polyominoes
by a set of Gaussian integers, and by using the formula
s∑
j=1
(z jeiα + a)m = eimα
s∑
j=1
zmj +
(
m
1
)
ei(m−1)αa
s∑
j=1
zm−1j
+
(
m
2
)
ei(m−2)αa2
s∑
j=1
zm−2j + · · · +
(
m
m − 1
)
eiαam−1
s∑
j=1
z j + sam,
we get the main result of our paper, Theorem 4.4. This theorem gives a criterion which allows us to find for T all
C-colorings of type:
f : P → Z[i]/(v), v is prime in Z[i], 1 ≤ m < N (v)
f (x, y) ≡ (x + iy)m mod (v), (1.1)
where P is the set of all polyominoes, and N (x + iy) = x2 + y2 is the norm of x + iy. In Section 5 we use this
criterion to find the colorings for different sets of polyominoes and to solve some tileability problems. Also, we will
consider two examples of coloring, which cannot be given in the above form.
Coloring as well as other kinds of invariants has a limited applicability. Therefore, we should not expect C- and
D-colorings of type (1.1) to be applicable in a large number of cases. However, it is often not obvious whether the
untileability of a given region can be proved by using a coloring or whether one should look for a more advanced
proof. The representation of polyominoes by Gaussian integers allows us to check if there is a necessary coloring
among the colorings of type (1.1). This representation also gives us a better insight into how the coloring can be given
(e.g., by a monomial map modulo a Gaussian integer).
The reader may find Paragraph 1 of the first chapter of Neukirch’s book [2] helpful for an introduction to Gaussian
integers.
2. Basic definitions and notations
Let us consider the lattice Z2 and the set of unit squares
F = {[(x, y), (x + 1, y)] × [(x, y), (x, y + 1)] | (x, y) ∈ Z2}.
A finite subset τ of the set F is called a polyomino if two conditions hold:
(1) the set M =⋃{m | m ∈ τ } is connected
(2) after removing a finite number of points from M , the set M remains connected.
The second condition is added to exclude sets such as the one shown in Fig. 2.1 from the definition of polyominoes.
By a region we mean the same as a polyomino. Occasionally, we use this term to denote a polyomino which has to
be tiled in some tiling problem.
Let T = {τ1, τ2, . . . , τl} be a set of polyominoes. A region H is called tileable by T if it can be represented as a
union of polyominoes
H =
⋃
1≤ j≤L
τ ′j ,
such that if τ ′m 6= τ ′n , then τ ′m and τ ′n do not intersect or intersect only by their border; further, each polyomino τ ′j is
obtained by translation, rotation and reflection of τk j ∈ T . Such a representation is called a tiling of H . We will also
consider tilings, where reflection is not allowed.
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Using a map (bijection) f : F → Z2, given by
f ([(x, y), (x + 1, y)] × [(x, y), (x, y + 1)]) = (x, y),
one can represent polyomino {x1, . . . , xn} by the set { f (x1), . . . , f (xn)} ⊂ Z2. Then, a unit square will be represented
just as (x, y) with integer x and y.
By |X | we denote the number of unit squares in a polyomino X . A letter i denotes the complex unit, i.e., i2 = −1.
For v ∈ Z[i], by Z[i]/(v) we denote the ring Z[i]/vZ[i]. The norm of the number x + iy ∈ Z[i] is denoted by
N (x + iy), N (x + iy) = x2 + y2. The set of all polyominoes is denoted by P .
Definition 2.1. Let G be an abelian group. The map f : P → G is called a coloring, if f is defined by its values on
the unit squares and for every region H ∈ P we have
f (H) = f (x1)+ f (x2)+ · · · + f (x|H |), (2.1)
where x1, x2, . . . , x|H | are the unit squares in H .
The simplest example of coloring is the map
f : P → Z, f (x, y) = const
(for H ∈ P , f (H) is defined by Eq. (2.1)).
The checkerboard coloring is more interesting. It can be given in several ways, for example, by maps
f : P → Z, f (x, y) =
{
1, if x + y ≡ 1 (mod 2)
0, if x + y ≡ 0 (mod 2), (2.2)
f : P → Z[i]/(2), f (x, y) ≡ (x + iy)2 (mod 2) (2.3)
or f : P → Z[i]/(1+ i), f (x, y) ≡ x + iy mod (1+ i).
For a given set T of polyominoes, we call the coloring f a C-coloring if the sum of ‘colors’ in every polyomino
from T is a constant quantity under translation and rotation. In other words,
f (τ ) = f (τ ′)
for all τ ∈ T and for any image τ ′ of τ obtained by a composition of rotation and translation. C-coloring is one
example of the more general functions called C-invariants. Let us denote the set of all tilings of the region H by the
set T of polyominoes using translation and rotation byM(H, T ). Let G be an abelian group. A function f : P → G
is called a C-invariant for the set T if for every tileable region H and for every tiling {τ ′1, τ ′2, . . . , τ ′L} ∈M(H, T ) we
have
f (H) = f (τ ′1)+ f (τ ′2)+ · · · + f (τ ′L),
where τ ′j is obtained by translation and rotation of τk j ∈ T (cf. the definition of an invariant for tiles in [3]). In a
similar way one can define the notion of a D-invariant.
We also use an analog of the definition of C-coloring. A coloring f is called a D-coloring for the set T of
polyominoes if
f (τ ) = f (τ ′)
for all τ ∈ T and for any image τ ′ of τ by translation, rotation and reflection. For example, for the set of all
hexominoes, the checkerboard coloring f (defined in (2.3)) is a D-coloring because every hexomino has the same
number of colors modulo 2 under translation, rotation and reflection, i.e. f (τ ) = const (mod 2). If τ is a hexomino
that has three black and three white colors, then f (τ ) ≡ 1 (mod 2). For a hexomino τ with an even number of black
and white colors f (τ ) ≡ 0 (mod 2) (we can think that white color is 0, and black color is 1 modulo 2).
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3. Polyomino on the complex plane
In this section we show that polyominoes can also be represented by Gaussian integers.
(1) We place polyomino P (s-omino) on the complex plane in such a way that centers of the unit squares have integer
coordinates. Thus, we get a set of s points {(x1, y1), (x2, y2), . . . , (xs, ys)} ⊂ Z2, each of which corresponds
one-to-one to some unit square of polyomino P . Then, we substitute each point of this set by the corresponding
complex number and get the representing set A of the given polyomino P:
A = {x1 + iy1, x2 + iy2, . . . , xs + iys}.
It is a set of Gaussian integers, i.e.,
A ⊂ Z[i] = {x + iy|x, y ∈ Z, i2 = −1}.
Let us denote x j + iy j by z j ( j = 1, 2, . . . , s), then A = {z1, z2, . . . , zs}.
(2) If we translate polyomino P by a number a ∈ Z[i], then its representing set A changes to
A1 = {z1 + a, z2 + a, . . . , zs + a}.
(3) If we rotate polyomino P by angle α (in radians), α ∈ {0, pi2 , pi, 3pi2 }, then the set A changes to
A2 = {z1eiα, z2eiα, . . . , zseiα}.
(4) A composition of rotation by angle α and translation by a changes the set A to
A3 = {z1eiα + a, z2eiα + a, . . . , zseiα + a}.
Example 3.1. Let us take pentomino Z and place it on the complex plane (Fig. 3.1, left). The representing set of this
pentomino is
A = {0, i,−i, 1+ i,−1− i}.
After rotation of this pentomino by 90◦ and translation by 1+ i (Fig. 3.1, right), its representing set changes to
B = {i, 2i, 1+ i, 2, 2+ i}.
4. Connection with coloring
Representation of polyominoes by Gaussian integers may be applied to find coloring. Let us consider the case,
where only one s-omino τ is given and only translation and rotation are allowed. Our purpose is to find, for τ , all
C-colorings of type
f : P → Z[i]/(v), v is prime in Z[i], 1 ≤ m < N (v)
f (x, y) ≡ (x + iy)m (mod v). (4.1)
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Remark 4.1. We only consider the case when 1 ≤ m < N (v) instead of m ∈ N because for all primes v ∈ Z[i] and
for all x ∈ Z[i] we have
xN (v) ≡ x (mod v).
Remark 4.2. If two Gaussian integers c and d are associates (or, are associated), meaning c = d, where  ∈
{±1,±i}, then the rings Z[i]/(c) and Z[i]/(d) are isomorphic. Therefore, one can consider only one Gaussian integer
v from the class of its associates while observing the ring Z[i]/(v).
By the definition of C-coloring, f should satisfy the condition
f (τ ′) = f (τ ) = const for all τ ′, (4.2)
where τ ′ is s-omino τ after rotation and translation.
Let us denote numbers that represent s-omino τ by z1, z2, . . . , zs , and write τ = {z1, z2, . . . , zs}. Instead of∑s
j=1 z j , here and further we simply write
∑
z j .
If f is defined as in (4.1), then f (τ ) ≡ ∑sj=1 z j m (mod v), and f (τ ′) ≡ ∑sj=1(z jeiα + a)m (mod v), where α
is an angle by which we rotate s-omino τ , a is a number by which we translate it, and τ ′ is τ after these operations.
Thus, we may rewrite condition (4.2) as
for all α ∈
{
0,
pi
2
, pi,
3pi
2
}
and for all a ∈ Z[i]
s∑
j=1
(z jeiα + a)m ≡
s∑
j=1
z j
m (mod v).
(4.3)
Note the following relation:
s∑
j=1
(z jeiα + a)m = eimα
∑
zmj +
(
m
m − 1
)
ei(m−1)αa
∑
zm−1j
+
(
m
m − 2
)
ei(m−2)αa2
∑
zm−2j + · · · +
(
m
1
)
eiαam−1
∑
z j + sam . (4.4)
Substituting the congruence of (4.3) into (4.4) gives us the equation:
0 ≡ (eimα − 1)
∑
zmj +
(
m
m − 1
)
ei(m−1)αa
∑
zm−1j
+
(
m
m − 2
)
ei(m−2)αa2
∑
zm−2j + · · · +
(
m
1
)
eiαam−1
∑
z j + sam (mod v). (4.5)
Lemma 4.3. Denote the polynomial in variable a from the right-hand side of (4.5) as h(a) (considered as a
polynomial from the ring Z[i]/(v)[a]). Then the map
f : P → Z[i]/(v), v is prime in Z[i], 1 ≤ m < N (v)
f (x, y) ≡ (x + iy)m (mod v) (4.6)
is a C-coloring for polyomino τ if and only if h(a) is identically equal to zero (all its coefficients are zero).
Proof. The sufficiency is obvious, so we need to prove the necessity. If f (x, y) ≡ (x + iy)m (mod v) is a C-coloring
for τ , then h(a) = 0 for all a ∈ Z[i]/(v). Since the number of elements in the field Z[i]/(v) is N (v), then h(a) should
be of degree N (v). This contradicts our assertion 1 ≤ m < N (v); therefore, h(a) is identically equal to zero. 
Theorem 4.4. Let τ = {z1, z2, . . . , zs}, |τ | = s. The map
f : P → Z[i]/(v), v is prime in Z[i], 1 ≤ m < N (v)
f (x, y) ≡ (x + iy)m (mod v) (4.7)
is a C-coloring for polyomino τ if and only if one of the following conditions holds:
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(1) s is even, m = 1 and v is associated with 1+ i
(2) all numbers s,
(m
1
)∑
z j ,
(m
2
)∑
z2j ,
(m
3
)∑
z3j , . . . ,
∑
zmj have common divisor v (they are ≡ 0 (mod v))
(3) m ≡ 0 (mod 4) and numbers s, (m1)∑ z j , (m2)∑ z2j , . . . , ( mm−1)∑ zm−1j have common divisor v (they are ≡ 0
(mod v)).
Proof. By Lemma 4.3 we need to consider all cases when the coefficients of polynomial h(a) in the right-hand side
of (4.5) are zero modulo some prime v ∈ Z[i].
• If s is even, let v = 1 + i . As we know, 1 + i is a prime number in the ring Z[i] and it is a divisor of 2 since
2 = (1+ i)(1− i). We have 1 ≡ −1 ≡ i ≡ −i mod (1+ i), so eimα − 1 ≡ 0 mod (1+ i) (if α ∈ {0, pi2 , pi, 3pi2 }).
Hence, if m = 1 then h(a) is zero identically, so the function f1(x, y) ≡ (x + iy) mod (1+ i) is a C-coloring for
τ . In this case it follows that
f1(τ ) ≡
∑
z j ≡ const mod (1+ i).
According to Remark 4.2 we can take v = 1+ i without considering other 1+ i associates.
• If (2) holds, then all coefficients of h(a) are zero, and the function fm(x, y) ≡ (x + iy)m (mod v) is a C-coloring
for τ . In this case we have
fm(τ ) ≡
∑
zmj ≡ 0 (mod v).
• If m ≡ 0 (mod 4), then eimα = 1 for all α ∈ {0, pi2 , pi, 3pi2 }, so the free term of h(a) is zero even if
∑
zmj is
nonzero. Thus, condition (3) implies that h(a) is zero identically. The value of the function fm at τ is
fm(τ ) ≡
∑
zmj ≡ const (mod v).
• Suppose that m 6≡ 0 (mod 4) and v is a prime in Z[i], such that v is not associated with 1 + i . If m is odd, then
α = ±pi2 implies that eimα − 1 = ±i − 1 6≡ 0 (mod v). If m is even and α = ±pi2 , then eimα − 1 = −2 6≡ 0
(mod v). In other words, eimα − 1 ≡ 0 (mod v) for all α ∈ {0, pi2 , pi, 3pi2 } if and only if m ≡ 0 (mod 4) or v is
associated with 1+ i . 
It follows from Theorem 4.4 that in order to find a C-coloring for polyomino τ = {z1, z2, . . . , zs} we need to
choose a prime v ∈ Z[i] and to compute the quantities s, (m1)∑ z j , (m2)∑ z2j , . . . ,∑ zmj modulo v. If they are all
zero, for example, then the function f (x, y) ≡ (x + iy)m (mod v) is a C-coloring for τ .
Remark 4.5. If m ∈ N (not necessarily 1 ≤ m < N (v)), and v a composite number, then conditions (2), (3) imply
that the map
f : P → Z[i]/(v), f (x, y) ≡ (x + iy)m (mod v)
is a C-coloring for τ as well.
Remark 4.6. If reflection is also allowed for polyomino τ , then, in order to find a D-coloring for τ one has to find a
map f , which would be a C-coloring for the set {τ, τr }, where τr is τ after reflection.
We can also apply Lemma 4.3 for tiles. A tile is a finite set τ of unit squares (τ ⊂ F = {[(x, y), (x + 1, y)] ×
[(x, y), (x, y + 1)] | (x, y) ∈ Z2}), such that the set M = ⋃{m | m ∈ τ } is simply connected. Suppose we are given
a tile τ represented by Gaussian integers as {z1, z2, . . . , zs} (|τ | = s). Let B be the set of all tiles. We are interested in
finding for τ all colorings f of type
f : B→ Z[i]/(v), v is prime in Z[i], 1 ≤ m < N (v)
f (x, y) ≡ (x + iy)m (mod v),
with property
f (τ ′) = f (τ ) for all translations τ ′ of τ . (4.8)
It is not difficult to see that the following result holds.
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Fig. 5.1. Pentominoes with
∑
z j = 2+ i .
Theorem 4.7. Let f : B→ Z[i]/(v) be a coloring defined as
f (x, y) ≡ (x + iy)m (mod v),
where v is prime in Z[i] and 1 ≤ m < N (v).
If m = 1, then f has property (4.8) for tile τ if and only if s ≡ 0 (mod v).
If 2 ≤ m < N (v), then f has property (4.8) for tile τ if and only if all numbers s, (m1)∑ z j , (m2)∑ z2j , . . . ,( m
m−1
)∑
zm−1j are 0 mod v.
Proof. The result follows from Lemma 4.3, if one takes α = 0 in (4.5). 
Coloring is usually used to find necessary conditions for tiling existence. Suppose we want to tile a region H by
s-omino τ using translation and rotation. Let p be the number of copies of τ used in this tiling. If f is a C-coloring for
τ and the region H is tileable by τ , then we have an identity f (H) = p f (τ ). However, if the equation f (H) = x f (τ )
in variable x does not have a solution in integers, then we know that the region H cannot be tiled by τ . Similarly, if we
have a set T = {τ1, . . . , τl} of polyominoes and f is a C-coloring for T , then a necessary condition for the existence
of tiling of the region H by the set T is that the equation
f (H) = x1 f (τ1)+ · · · + xl f (τl)
has a solution in integers x1, . . . , xl .
In the next section we give examples of tileability criteria, which are obtained using coloring. The coloring itself is
found with the help of Theorem 4.4.
5. Examples of tileability criteria for polyominoes
5.1. Tileability criteria for pentominoes
Let us consider pentominoes Y and P (Fig. 5.1) and a tiling w of some region H by these pentominoes without the
use of reflection.
Since 5 = (2+ i)(2− i), let us take v = 2+ i (2+ i is prime in Z[i]). Pentominoes Y and P have∑5j=1 z j = 2+ i ,
hence the map f1 : P → Z[i]/(2+ i) given as
f1(x, y) ≡ x + iy mod (2+ i)
is a C-coloring for them. We have f1(Y ) ≡ f1(P) ≡ 0 mod (2+ i), therefore a necessary condition for the existence
of tiling w is
f1(H) ≡ 0 mod (2+ i),
i.e., the sum of representing numbers of the region H should be zero modulo 2+ i . Since the field Z[i]/(2+ i) consists
of 5 elements — residue classes 0, 1, 2, i, 1+ i , then the coloring f1 consists of 5 colors.
Let us now consider three pentominoes shown in Fig. 5.2.
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Fig. 5.2.
Proposition 5.1. Let t1 be the sum of representing numbers of a region H. If the region H can be tiled by the set
T = {X, I, Z} of pentominoes shown in Fig. 5.2, then t1 ≡ 0 (mod 5).
In particular, from this proposition we get
Corollary 5.2. Let T = {X, I, Z} be the set of pentominoes shown in Fig. 5.2, and H a rectangle. If one removes
from H some pentomino τ , such that τ 6∈ T , then the region H r τ cannot be tiled by the set T .
Proof of Proposition 5.1. Let x j , y j , z j , ( j = 1, 2, 3, 4, 5) be the numbers that represent pentominoes X, I, Z ,
respectively; also, let Zr denote a pentomino obtained from Z by reflection and let z¯ j denote the numbers that represent
it.
We see from Fig. 5.2 that
∑5
j=1 x j =
∑5
j=1 y j =
∑5
j=1 z j =
∑5
j=1 z¯ j = 0. This means that there is a D-coloring
for the set T = {X, I, Z}. It is the map g : P → Z[i]/(5), given by
g(x, y) ≡ x + iy (mod 5). (5.1)
We have
g(X) ≡ g(I ) ≡ g(Z) ≡ 0 (mod 5).
Thus, for tiling of the region H by the set T it is necessary that g(H) ≡ 0 (mod 5), i.e.,
t1 ≡ 0 (mod 5). 
Proof of Corollary 5.2. Let H be a rectangle with area divisible by 5 (if the area of H is not divisible by 5, the result
is trivial). Then the sum of its representing numbers is zero mod 5, because this rectangle can be tiled by pentomino
I , which has g(I ) ≡∑5j=1 y j ≡ 0 (mod 5). Pentominoes different from the ones shown in Fig. 5.2 have∑ z j 6≡ 0
(mod 5). Hence, if we remove such a pentomino (denote it by τ ) from the rectangle H , then the sum of numbers
representing the region H r τ , will be nonzero mod 5. It follows by Proposition 5.1 that the region H r τ cannot be
tiled by the set T . 
Note that in this example we used a coloring modulo composite number, since 5 = (2 + i)(2 − i). The coloring g
used in the proofs consists of 25 colors, where the colors are residue classes modulo 5 (the ring Z[i]/(5) consists of
25 residue classes). We have found one D-coloring for the set T = {X, I, Z}. It is the map
g : P → Z[i]/(5), g(x, y) ≡ x + iy (mod 5).
Are there any more D-colorings for T ? Since 5 = (2+ i)(2− i), the maps
f1(x, y) ≡ x + iy mod (2+ i) (5.2)
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and
u(x, y) ≡ x + iy mod (2− i) (5.3)
also give us D-coloring for T . Of course, they are not independent of g in the sense that from
g(H) ≡ 0 (mod 5)
it follows that
f1(H) ≡ 0 mod (2+ i)
and
u(H) ≡ 0 mod (2− i)
for any H ∈ P . Since pentomino Z has ∑5j=1 z2j ≡ 4i − 2 6≡ 0 mod (2 − i), but pentomino Zr has ∑5j=1 z¯2j ≡−4i − 2 6≡ 0 mod (2 + i), then according to Theorem 4.4, the maps f1 and u are the only D-colorings of type (4.1)
for T .
From Fig. 5.2 we see that there are five C-colorings for T . They are f j : P → Z[i]/(2 + i), j = 1, 2, 3, 4 and
u : P → Z[i]/(2− i) given by maps
u(x, y) ≡ x + iy mod (2− i)
f1(x, y) ≡ x + iy mod (2+ i)
f2(x, y) ≡ (x + iy)2 mod (2+ i)
f3(x, y) ≡ (x + iy)3 mod (2+ i)
f4(x, y) ≡ (x + iy)4 mod (2+ i).
(5.4)
By Theorem 4.4 there are no other C-colorings of type (4.1) for T except f1, f2, f3, f4 and u. However, there is
one C-coloring which is not of type (4.1). Let us consider a map F : P → Z5, given by
F(x, y) =

(1, 0, 0, 0, 0), if x + iy ≡ 0 mod (2+ i)
(0, 1, 0, 0, 0), if x + iy ≡ 1 mod (2+ i)
(0, 0, 1, 0, 0), if x + iy ≡ 2 mod (2+ i)
(0, 0, 0, 1, 0), if x + iy ≡ i mod (2+ i)
(0, 0, 0, 0, 1), if x + iy ≡ 1+ i mod (2+ i).
(5.5)
The map F shows the number of each ‘color’ (residue class modulo 2+ i) in a given polyomino. It is easy to see that
F is a C-coloring for T and
F(X) = F(I ) = F(Z) = (1, 1, 1, 1, 1).
The reader may verify that the maps f1, f2, f3, f4 and F are also C-colorings for the set {Y, P} of pentominoes in
Fig. 5.1.
The colorings f1, f2, f3, f4 and F give us different tileability criteria for the set T = {X, I, Z}. As an example,
let us consider the colorings f1 and f2, and a tiling of pentomino Zr = {0, i,−i,−1 + i, 1 − i} by the set
T without the use of reflection. We see that wherever we place pentomino Zr on the complex plane, we have
f1(Zr ) ≡ f1(X) ≡ f1(I ) ≡ f1(Z) ≡ 0 mod (2+ i) and the equation
f1(Zr ) ≡ x1 f1(X)+ x2 f1(I )+ x3 f1(Z) mod (2+ i)
is solvable. This means that using the coloring f1 we cannot prove that pentomino Zr is untileable by the set T .
However, f2(X) ≡ f2(I ) ≡ f2(Z) ≡ 0 mod (2+ i), while f2(Zr ) = −4i − 2 6≡ 0 mod (2+ i). Hence, there are no
solutions in the equation
f2(Zr ) ≡ x1 f2(X)+ x2 f2(I )+ x3 f2(Z) mod (2+ i)
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which proves that pentomino Zr is untileable by the set T . In a similar way one can prove that any two colorings
from the set { f1, f2, f3, f4, F} give different tileability criteria. At the same time, the D-colorings f1 and u may be
considered as equivalent for the set T since conjugation is an automorphism of the ring Z[i], and hence, for any region
H we have f1(H) 6≡ 0 mod (2 + i) if and only if u(Hr ) 6≡ 0 mod (2 − i), where the region Hr is obtained from H
by reflection. Since f1(X) ≡ f1(I ) ≡ f1(Z) ≡ 0 mod (2 + i) and u(X) ≡ u(I ) ≡ u(Z) ≡ 0 mod (2 − i), then the
equation
f1(H) ≡ x1 f1(X)+ x2 f1(I )+ x3 f1(Z) mod (2+ i)
is solvable if and only if the equation
u(Hr ) ≡ x1u(X)+ x2u(I )+ x3u(Z) mod (2− i)
is solvable.
5.2. Tileability criteria for hexominoes
For hexomino we have the following result.
Proposition 5.3. Let t1 be the sum of numbers that represent a region H. If the region H can be tiled by the set T of
hexominoes shown in Fig. 5.3, then t1 ≡ 0 (mod 3).
Proof. Each hexomino in Fig. 5.3 has
∑
z j ≡ 0 (mod 3), therefore the map f1 : P → Z[i]/(3), f1(x, y) ≡ x + iy
(mod 3) is a D-coloring for T . We have f1(τ ) ≡ 0 (mod 3) for all τ ∈ T . This means that if the region H can be
tiled by the set T , then t1 ≡ f1(H) ≡ 0 (mod 3). 
There are 9 elements in the field Z[i]/(3). Hence, the map f1 in the proof of Proposition 5.3 consists of 9 colors.
Theorem 5.4. If the rectangle a × b can be tiled by hexominoes b, e, g shown in Fig. 5.3, then 9|ab.
Proof. We denote by x j , y j , z j ( j = 1, 2, . . . , 6) numbers that represent hexominoes b, e, g, respectively. We see
from Fig. 5.3 that
∑6
j=1 x j ≡
∑6
j=1 y j ≡
∑6
j=1 z j ≡
∑6
j=1 x2j ≡
∑6
j=1 y2j ≡
∑6
j=1 z2j ≡ 0 (mod 3). It follows
that there are two D-colorings for the set T = {b, e, g}. The first D-coloring is
f1 : P → Z[i]/(3), f1(x, y) ≡ (x + iy) (mod 3).
However, the second one is
f2 : P → Z[i]/(3), f2(x, y) ≡ (x + iy)2 (mod 3).
We have f1(τ ) ≡ f2(τ ) ≡ 0 (mod 3) for all τ ∈ T . Thus, if the rectangle a × b can be tiled by the set T , then
f1(a × b) ≡ 0 (mod 3) (5.6)
and also
f2(a × b) ≡ 0 (mod 3). (5.7)
If the rectangle a × b can be tiled by hexominoes, then its area is divisible by 3 and then 3|a or 3|b. From
this it follows that we can tile this rectangle by tromino I3 = {(0, 1), (0, 0), (0,−1)} or by tromino I˜3 =
{(−1, 0), (0, 0), (1, 0)} (with the use of translation alone). Suppose a = 3k, then the number of tromino I3 in the
rectangle a× b is bk. The map f2 is not a D-coloring for the tromino I3, but f2(I3) = f2(I ′3) for all translations I ′3 of
I3. Thus, we have
f2(a × b) ≡ f2(I3)bk (mod 3). (5.8)
Since tromino I3 has f2(I3) ≡ 1 (mod 3), then by (5.8) we have f2(a × b) ≡ bk. However, from (5.7) it follows that
b ≡ 0 or k ≡ 0 (mod 3), therefore, 3|a and 3|b or 9|a. The case when b = 3l is considered analogously. 
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Fig. 5.3.
Let us find the colors for the coloring f2. For this we have to raise the residue classes modulo 3 to the second power.
02 ≡ 0; 12 ≡ 1; 22 ≡ 1; (1+ i)2 ≡ 2i; (2+ i)2 ≡ i
(1+ 2i)2 ≡ i; (2+ 2i)2 ≡ 2i; i2 ≡ 2; (2i)2 ≡ 2 (mod 3).
We see that the coloring f2 consists of 5 colors: 0, 1, 2, i, 2i ∈ Z[i]/(3).
Adding the sufficient conditions for tiling existence to Theorem 5.4, we get the following interesting theorem.
Theorem 5.5. The rectangle a × b can be tiled by the set {b, e, g} of hexominoes shown in Fig. 5.3 if and only if
18|ab, except the cases, when one of the sides of the rectangle a × b is equal to 1 or 2 (in these cases, obviously, it
cannot be tiled).
Proof. The necessity follows from Theorem 5.4. The sufficiency follows from the existence of tilings of the rectangles
3× 6, 4× 9 and 5× 18 (see Fig. 5.4) and from the fact that any rectangle H with area divisible by 18 (except 1×m
and 2× m) can be tiled by the rectangles 3× 6, 4× 9 and 5× 18. Indeed, there can be three cases:
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Fig. 5.6.
(1) H = 3k × 6l. Then it can be tiled by the rectangle 3× 6.
(2) H = 2k × 9l. If k = 3t , then H can be tiled by the rectangle 3× 6. If k = 3t + 2, then H = (6t × 9l)⋃(4× 9l),
hence it can be tiled by the rectangles 3 × 6 and 4 × 9. If k = 4, then H = 8 × 9l and it can be tiled by the
rectangle 4× 9. Suppose that k = 3t + 1 with t ≥ 2. Then we can write k = 3(t − 1)+ 4 and 2k = 6(t − 1)+ 8.
Therefore, H = (6(t − 1)× 9l)⋃(8× 9l) and H can be tiled by the rectangles 3× 6 and 4× 9.
(3) H = l × 18k. If l is even, then tileability of H follows from the previous case. If l is odd, then either l = 4t + 3
with t ≥ 0, or l = 4t + 1 with t ≥ 1. In the first case, H = (4t × 18k)⋃(3 × 18k), but in the second case,
H = (4(t−1)×18k)⋃(5×18k). In both cases H is tileable by the set of the rectangles {3×6, 4×9, 5×18}. 
5.3. A coloring for tetrominoes
Now let us consider one more example, where a coloring which cannot be found using Theorem 4.4 exists (such
as the coloring F in (5.5)).
Example 5.6. Let T = {a, b, c} be the set of tetrominoes in Fig. 5.5 and let U = {(0, 0),
(0, 1), (1, 0), (1, 1), (2, 2), (2, 3), (3, 2), (3, 3)}, A = {u + v |u ∈ U, v ∈ 4Z2}. Consider a map W : P → Z/2Z
given by
W (x, y) ≡
{
1 (mod 2), (x, y) ∈ A
0 (mod 2), (x, y) 6∈ A.
This map gives the coloring shown in Fig. 5.6.
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A direct check shows that W is a D-coloring for the set T . We have
W (a) ≡ W (b) ≡ 0 (mod 2), W (c) ≡ 1 (mod 2).
However, we see that W is not of type (4.1) and therefore one cannot find it with the help of Theorem 4.4. Can the
coloring W be given in some form close to (4.1)? We can see that the answer is yes, if we consider the coloring Q
defined by a polynomial:
Q : P → Z[i]/(4)
Q(x, y) ≡ z(z − 1)(z − i)(z − (1+ i))+ 2i + 2 (mod 4), (5.9)
where z = x + iy. The map Q gives us the same coloring as W since Q(t) ≡ 2i + 2 (mod 4) for all t ∈ A and
Q(t) ≡ 0 (mod 4) for all t 6∈ A, but the groups Z/2Z and {0, 2 + 2i} ⊂ Z[i]/(4) are isomorphic. Note that Q is
defined by a polynomial of 4th degree which has 8 roots in the ring Z[i]/(4). This is possible, of course, only because
Z[i]/(4) is not a field.
6. Generalizations
The theory considered in the previous sections may also be applied for other polyforms. For this, instead of the
ring Z[i] of Gaussian integers, one should use other rings. For example, for polyhexes and for polyiamonds the ring
Z[θ ] = {x+θy |x, y ∈ Z, θ3 = 1, θ 6= 1} can be used. For 3-dimensional polyominoes (polycubes) and 4-dimensional
polyominoes one may try to use the ring of quaternions R = {x + iy + j z + kt |x, y, z, t ∈ Z}, where
i2 = j2 = k2 = −1,
i j = k, j i = −k,
jk = i, k j = −i,
ki = j, ik = − j.
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